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UNITS IN FD2pm
KULDEEP KAUR, MANJU KHAN
Abstract. In this note, we compute the order and provide the
structure of the unit group U(FD2pm) of the group algebra FD2pm ,
where F is a finite field of characteristic 2 and D2pm is the dihedral
group of order 2pm such that p is an odd prime. Further, we obtain
the structure of the unitary subgroup U∗(FD2pm) with respect to
canonical involution ∗ and prove that it is a normal subgroup of
the unit group U(FD2pm).
introduction
Let FG be the group algebra of the group G over the field F and
U(FG) its unit group. Extending the anti-automorphism g 7→ g−1 of
G to the group algebra, we obtain the involution
x =
∑
g∈G
xgg 7→ x
∗ =
∑
g∈G
xgg
−1
of FG, which we call canonical involution and is denoted by ∗. An
element x ∈ U(FG) is called unitary if x∗ = x−1. Let U∗(FG) be
the unitary subgroup consisting of all unitary elements of U(FG). If
V (FG) = {
∑
g∈G
agg ∈ U(FG) |
∑
g∈G
ag = 1} is the normalized unit
group of the group algebra FG, then U(FG) = V (FG)×F ∗, where F ∗
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is the set of all non zero elements of F . In particular, if F is a finite
field of characteristic 2, then the unitary subgroup U∗(FG) is same as
the unitary subgroup V∗(FG). Interest in the group U∗(FG) arose in
algebraic topology and unitary K-theory [3].
Sandling [4] computed a basis for the normalized unit group V (FG),
if G is a finite abelian p-group and F is a finite field with p elements.
In [5] Sandling provided the generators and relators for each 2-group of
order dividing 16 over finite field with 2 elements. Creedon and Gildea
in [1] obtained the structure of V (FD8), where D8 is a dihedral group
of order 8 and F is a finite field of characteristic 2. In [2], Kuldeep and
Manju described the structure of the unit group U(F2D2p), where F2 is
the finite field with two elements and D2p is the dihedral group of order
2p for an odd prime p. They also computed the order and provided the
structure of the unitary subgroup U∗(F2D2p) with respect to canonical
involution ∗.
Our goal here is to study the structure of the unit group U(FD2pm)
of the group algebra FD2pm of the dihedral group D2pm of order 2p
m,
where p is an odd prime over a finite field F of characteristic 2. We
also provide the structure of the unitary subgroup U∗(FD2pm).
Throughout the paper, we assume that F is a field with 2n elements.
The polynomial xp
m
− 1 can be written as
xp
m
− 1 = (x− 1)
m∏
s=1
φps(x),
where φps(x) is the p
s-th cyclotomic polynomial over F . If os denotes
the order of 2n modulo ps, i.e., os = ops(2
n) for 1 ≤ s ≤ m, and
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ks denotes the number of irreducible factors of φps(x) over F , then
ks =
φ(ps)
os
, where φ denotes the Euler φ- function. If α is a primitive
ps-th root of unity, then the polynomail (x−α)(x−α2
n
) · · · (x−α(2
n)os−1)
is a minimal polynomial of α over F and therefore, it is an irreducible
factor of φps(x) over F .
Unit Group of FD2pm
In this section, we provide the order of the unit group U(FD2pm).
Assume that op(2
n) = d. Clearly, p and d are relatively prime and
op2(2
n) is either d or pd. In general
Lemma 1. For an integer i ≥ 1, if opi(2
n) is d, then opi+1(2
n) is either
d or pd.
Proof. Suppose that opi+1(2
n) is t. Then, d|t. Further, since (2n)d =
1 mod pi, it follows that (2n)dp = 1 mod pi+1. Therefore, t|pd. Hence,
either t = d or t = pd. 
Lemma 2. Assume that opi(2
n) is d. If opi+1(2
n) is pd, then opk(2
n) is
pk−id for all k ≥ i+ 2.
Proof. Let opi+2(2
n) be t. Then, it is clear that pd|t and d|t. Further,
since (2n)d ≡ 1 mod pi, there is an integer s such that (2n)d = 1+spi
and so (2n)dp ≡ 1+spi+1 mod pi+2. As opi+1(2
n) is pd, it follows that
(p, s) = 1 and so (2n)dp 6≡ 1 mod pi+2. Also (2n)pd ≡ 1 modulo
pi+1, which entails that (2n)p
2d ≡ 1 modulo pi+2. Therefore t|p2d.
Hence opi+2(2
n) is p2d. In a similar way one can prove for any integer
k ≥ (i+ 3). 
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Lemma 3. Let opk(2
n) be d, for 1 ≤ k ≤ i and opi+1(2
n) be pd. If ζ is
a primitive pm-th root of unity, then ζj and ζ−j are roots of the same
irreducible polynomial over F if and only if 2|d.
Proof. First, assume that ζj and ζ−j are roots of the same irreducible
polynomial over F . If j = kpr, (k, p) = 1, then it is clear that ζj is
primitive pm−r-th root of unity. Therefore, ζj and ζ−j are roots of
φpm−r(x). Hence, −1 ≡ 1(2
n)t mod pm−r, where 1 ≤ t ≤ om−r − 1.
Thus opm−r(2
nt) is 2. Further, since (2n)om−r ≡ 1 mod pm−r, it follows
that 2|om−r. From lemma (2), we get
om−r =


d, if m− r ≤ i
pm−r−id, if m− r > i
As (2, p) = 1, we obtain that d is even.
To prove the converse part, it is enough to show that if d is even
then there exists an integer t such that −1 ≡ (2n)t mod pm−r for any
j = kpr, (k, p) = 1. For that, if d = 2t, then (2n)2t = 1 mod pm−r
or (2n)p
m−r−i2t = 1 mod pm−r. Since −1 is the only element of order
2 in Zpm−r , it follows that (2
n)t ≡ −1 mod pm−r or (2n)p
m−r−it ≡ −1
mod pm−r. 
Lemma 4. Let opk(2
n) = d for 1 ≤ k ≤ i and opi+1(2
n) = pd. If d is
even, then for any j, [F (ζp
j
+ ζ−p
j
) : F ] =
om−j
2
, and if d is odd, then
[F (ζp
j
+ ζ−p
j
) : F ] = om−j and in this case F (ζ
pj + ζ−p
j
) = F (ζp
j
).
Proof. If [F (ζp
j
+ ζ−p
j
) : F ] = s <
om−j
2
, then there exists a polynomial
of degree 2s < om−j satisfied by ζ
pj , which is a contradiction. Therefore
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[F (ζp
j
+ ζ−p
j
) : F ] ≥
om−j
2
. Since [F (ζp
j
) : F ] = om−j , it follows
that [F (ζp
j
+ ζ−p
j
) : F ] =
om−j
2
or om−j. Now, if d is even, then, by
lemma (3), there is a polynomial of degree om−j − 1 over F satisfied
by ζp
j
+ ζ−p
j
. Hence, [F (ζp
j
+ ζ−p
j
) : F ] =
om−j
2
. Now if d is odd,
from lemma (3), it is clear that [F (ζp
j
+ ζ−p
j
) : F ] = om−j and hence
F (ζp
j
+ ζ−p
j
) = F (ζp
j
). 
Theorem 5. Let D2pm be the dihedral group
D2pm = 〈a, b | a
pm = 1, b2 = 1, b−1ab = a−1〉.
Assume that opk(2
n) = d, for 1 ≤ k ≤ i and opi+1(2
n) = pd. If or =
opr(2
n), then the order of the unit group U(FD2pm) is
2n(2n − 1)
m∏
r=1
((qr
2 − 1)(qr
2 − qr))
k′r ,
where qr =


2
nor
2 , if d is even
2nor , if d is odd
and k′r =


kr, if d is even
kr
2
, if d is odd.
Proof. Let f1,pj(x), f2,pj(x), . . . , fkj ,pj(x) be the distinct irreducible fac-
tors of the cyclotomic polynomial φpj(x) over F, where kj =
φ(pj)
d
=
pj−1(p−1)
d
, for 1 ≤ j ≤ i− 1 and kj =
pi−1(p−1)
d
for i ≤ j ≤ m. If γ1 and
γ2 denote roots of distinct irreducible factors of φpj(x) over F , then
γ1 = ζ
pm−jJ1 and γ2 = ζ
pm−jJ2 for some integer J1 and J2 such that
(J1, p) = 1 and (J2, p) = 1. Choose γ
′
1 = ζ
pm−j−1J1 and γ′2 = ζ
pm−j−1J2,
then γ′1 and γ
′
2 are roots of φpj+1(x) over F . If γ
′
1 and γ
′
2 are roots of
the same irreducible factors of φpj+1(x) then there exists t such that
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J1 = (2
n)tJ2 mod p
j+1. Hence, J1 = (2
n)tJ2 mod p
j , which is a con-
tradiction. Hence, γ′1 and γ
′
2 are roots of distinct irreducible factors of
φpj+1(x) over F.
Choose γ1j as a root of the irreducible factor fj,p(x) of φp(x), where
1 ≤ j ≤ k1. Therefore γ1j = ζ
pm−1Jj , (Jj, p) = 1. Let γ
(l)
11 , γ
(l)
12 , · · · , γ
(l)
1k1
denote roots of distinct irreducible factors of φpl(x) over F, for 1 ≤ l ≤
m, where γ
(1)
1j = γ1j and γ
(l)
1j = ζ
pm−lJj , 1 ≤ j ≤ k1. Since the number
of irreducible factors of φp2(x) is k2 = pk1, without loss of generality,
assume that γ
(l)
1j is a root of fj,pl(x) for 1 ≤ j ≤ k1 and 1 ≤ l ≤ m.
Further, in a similar way, choose γ2j, from the irreducible factor fj,p2
of φp2(x), where k1 < j ≤ k2.
If γrs denotes the root of the irreducible factor fs,pr(x) of φpr(x) for
1 ≤ r ≤ i, 1 ≤ s ≤ kr.
Define γrs =


γ
(r)
1s , if 1 ≤ s ≤ k1
γ
(r−1)
2s , if k1 < s ≤ k2
...
γ
(1)
rs , if kr−1 < s ≤ kr,
where γ
(1)
rs = γrs.
Since ki = ki+1 = · · · = km, consider for i+ 1 ≤ r ≤ m, 1 ≤ s ≤ ki
γrs =


γ
(r)
1s , if 1 ≤ s ≤ k1
γ
(r−1)
2s , if k1 < s ≤ k2
...
γ
(r−i+1)
is , if ki−1 < s ≤ ki.
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Define a matrix representation Trs of D2pm,
Trs : D2pm →M2(F (γrs + γ
−1
rs ))
by the assignment
a 7→

 0 1
1 γrs + γ
−1
rs

 , b 7→

 1 0
γrs + γ
−1
rs 1


If d is even, then define T = T0
m
⊕
r=1
kr
⊕
s=1
Trs , the direct sum of the given
representations Trs, 1 ≤ r ≤ m, 1 ≤ s ≤ kr, and T0 is the trivial
representation of D2pm over F of degree 1.
Suppose d is odd. Then lemma (4) implies that γrs and γ
−1
rs are roots of
different irreducible factors of φpr(x). If γ
−1
rs is a root of fj,pr(x), then
choose γrj = γ
−1
rs . Without loss of generality, assume that {γrs|1 ≤ r ≤
m, 1 ≤ s ≤ kr
2
} are roots of distinct irreducible factors of φpr(x) such
that γrj 6= γ
−1
rs for 1 ≤ j, s ≤
kr
2
. Then, define T = T0
m
⊕
r=1
kr
2
⊕
s=1
Trs, the
direct sum of all distinct matrix representations. Therefore, the map
T : D2pm → F
m
⊕
r=1
k′r
⊕
s=1
M2(F (γrs + γ
−1
rs )
is a group homomorphism, where k′r =


kr, if d is even
kr
2
, if d is odd.
By extending this group homomorphism linearly over F , we obtain an
algebra homomorphism
T ′ : FD2pm → F
m
⊕
r=1
k′r
⊕
s=1
M2(F (γrs + γ
−1
rs )).
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Consider the matrix representation Srs of D2pm defined as follows:
Srs(a) =

 γrs 0
0 γ−1rs

 , Srs(b) =

 0 1
1 0

 .
Note that for any x ∈ D2pm , Trs(x) = MrsSrs(x)M
−1
rs ,
where Mrs =

 1 1
γrs γ
−1
rs

.
Let x =
pm−1∑
i=0
αia
i +
pm−1∑
i=0
βia
ib ∈ KerT ′. Then, the equation T ′(x) = 0
implies that
pm−1∑
i=0
αi +
pm−1∑
i=0
βi = 0 (1)
and γrs, γ
−1
rs , 1 ≤ r ≤ m, 1 ≤ s ≤ k
′
r are roots of the polynomials g(x) =
α0 + α1x+ · · ·+ αpm−1x
pm−1 and h(x) = β0 + β1x+ · · ·+ βpm−1x
pm−1
over F . It follows that irreducible factors of φpr(x) are factors of
g(x) and h(x) for all 1 ≤ r ≤ m. Further, since the irreducible fac-
tors φpr(x) are co-prime, it follows that φp(x)φp2(x) · · ·φpm(x) divides
g(x) and h(x), i.e., 1 + x+ x2 + · · ·+ xp
m−1 divides g(x) and h(x), and
hence αi = αj , and βi = βj , 0 ≤ i, j ≤ p
m − 1. Thus, from equation (1),
we have αi = βi, 0 ≤ i ≤ p
m − 1 and therefore KerT ′ = FD̂2pm . Since
dimensions of (FD2pm/FD̂2pm) and F
m
⊕
r=1
k′r
⊕
s=1
M2(F (γrs + γ
−1
rs )) over F
are equal, we obtain
FD2pm
FD̂2pm
∼= F
m
⊕
r=1
k′r
⊕
s=1
M2(F (γrs + γ
−1
rs )).
Note that FD̂2pm is a nilpotent ideal and hence T
′ induces an epimor-
phism T ′′ : U(FD2pm) → F
∗ ×
m∏
r=1
k′r∏
s=1
GL2(F (γrs + γ
−1
rs )) such that
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kerT ′′ = 1 + FD̂2pm. Thus
U(FD2pm)
1 + FD̂2pm
∼= F ∗ ×
m∏
r=1
k′r∏
s=1
GL2(F (γrs + γ
−1
rs )).
and hence the result follows.

Structure of The Unitary Subgroup U∗(FD2pm)
In this section, we study the structure of the unitary subgroup U∗(FD2pm)
with respect to canonical involution ∗. We also prove that the unit
group U(FD2pm) is the direct product of the unitary subgroup with a
central subgroup.
Let f(x) be a monic irreducible polynomial of degree n over F2 such
that F ∼= F2[x]/〈f(x)〉 and let α be the residue class of xmodulo 〈f(x)〉.
Let us define the set B as follows:
B = {1+αi(aj+a−j)(1+akb) | 0 ≤ i ≤ n−1, 1 ≤ j ≤
pm − 1
2
, 0 ≤ k ≤ pm−1}.
Clearly, B ⊆ U∗(FD2pm). Let B(FD2pm) denote the group generated
by B. The following theorem provides the structure of this group.
Theorem 6. Let opk(2
n) = d, for 1 ≤ k ≤ i and opi+1(2
n) = pd. Then,
B(FD2pm) ∼=
m∏
r=1
k′r∏
s=1
SL2(F (γrs + γ
−1
rs )), where SL2(K) is the special
linear group of degree 2 over the field K.
We will need the following results:
Lemma 7. D2pm ∩ B(FD2pm) = 〈a〉.
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Proof. Since D2pm is in the normalizer of B(FD2pm), it implies that
B(FD2pm)∩D2pm is a normal subgroup of D2pm . Therefore, it is either
a trivial subgroup or 〈ap
i
〉, for 0 ≤ i ≤ m− 1. Let us define a map
f : D2pm → 〈g | g
2 = 1〉
such that f(ai) = 1 and f(aib) = g, 0 ≤ i ≤ pm − 1. Note that it is
a group homomorphism and we can extend this linearly to an algebra
homomorphism f ′ from FD2pm to F 〈g〉. It is easy to see that the image
of the elements of B under f ′ is 1 and therefore b /∈ B(FD2pm). Hence,
D2pm ∩ B(FD2pm) 6= D2pm. Further, observe that
uab,auab,a2 · · ·u
ab,a
pm−1
2
= ab(1 + D̂2pm)
and ub,aub,a2 · · ·u
b,a
pm−1
2
= b(1 + D̂2pm),
where uajb,ai = 1 + (a
i + a−i)(1 + ajb). Consequently,
a = uab,auab,a2 · · ·u
ab,a
pm−1
2
u
b,a
pm−1
2
· · ·ub,a2ub,a.
Hence, D2pm ∩ B(FD2pm) = 〈a〉. 
Lemma 8. If γrs denotes the root of the irreducible factor fs,pr of the
cyclotomic polynomial φpr(x) over F , then the minimal polynomials of
γr1s1 + γ
−1
r1s1
and γr2s2 + γ
−1
r2s2
are distinct.
Proof. First assume that r1 = r2 = r. Then, if d is even, we have
[F (γrsi + γ
−1
rsi
) : F ] = or
2
, where 1 ≤ i ≤ 2. Let f(x) = a0+ · · ·+a or
2
x
or
2
be the minimal polynomial over F satisfied by both γrs1+γ
−1
rs1
and γrs2+
γ−1rs2. It follows that γrs1 and γrs2 satisfy the same minimal polynomial
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over F . This is a contradiction, because the irreducible factors fs1,pr
and fs2,pr are coprime. Next, if d is odd, then [F (γrsi + γ
−1
rsi
) : F ] = or.
Therefore, the degree of the minimal polynomial of γrsi + γ
−1
rsi
over F
is or. Since γrsi and γrs−1i
are roots of different irreducible factors of
φpr(x) with degree or and the factors are co-prime, it implies that the
minimal polynomials of γrs1 + γ
−1
rs1
and γrs2 + γ
−1
rs2
are distinct.
Now assume that r1 < r2. If i < r1 < r2, then the degree of the min-
imal polynomial of γr1s1 + γ
−1
r1s1
is p
r1−id
2
and the degree of the minimal
polynomial of γr2s2 + γ
−1
r2s2
is p
r2−id
2
, if d is even. Otherwise the degrees
are pr1−id and pr2−id, respectively. Hence, their minimal polynomials
are distinct.
Now, if r1 ≤ i < r2, then the degree of the minimal polynomial of
γr1s1+γ
−1
r1s1
is d
2
and the degree of the minimal polynomial of γr2s2+γ
−1
r2s2
is p
r2−id
2
, if d is even. Otherwise the degree of the minimal polynomials
are d and pr1−id, respectively. Hence, the result follows. In a similar
way one can prove for other cases as well. 
Proof of the theorem: Observe that the image of elements of B
are in
m∏
r=1
k′r∏
s=1
SL2(F (γrs+ γ
−1
rs )) under the map T
′′. Suppose T ′′′ is the
restricted map of T ′′ to B(FD2pm), i.e.,
T ′′′ : B(FD2pm)→
m∏
r=1
k′r∏
s=1
SL2(F (γrs + γ
−1
rs ))
such that T ′′′(x) = T ′′(x) for x ∈ B(FD2pm). Therefore, kerT
′′′ ≤
kerT ′′ = 1+FD̂2pm. Consider the element tα = 1+αD̂2pm, where α is
a non zero element of F . Now, if α 6= 1, then the length of 1 + αD̂2pm
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is 2pm. Since the length of each element of B(FD2pm) is odd, it follows
that tα /∈ B(FD2pm). Further, if α = 1, then the element 1+ D̂2pm can
be written as 1+ D̂2pm = bub,aub,a2 · · ·u
b,a
pm−1
2
. Since b /∈ B(FD2pm), it
follows that kerT ′′′ = {1}.
It is known that
SL2(F (ζ + ζ
−1)) =
〈
 1 0
u 1

 ,

 1 v
0 1


∣∣∣∣∣ u, v ∈ F (ζ + ζ−1)
〉
.
For onto of T ′′′, choose an element Urs from
m∏
r=1
k′r∏
s=1
SL2(F (γrs+ γ
−1
rs )),
where the component of Urs corresponding to the matrix representation
Trs is

 1 0
urs 1

 , such that urs ∈ F (γrs+γ−1rs ) and the remaining com-
ponents are identity matrices. Let yrs =
m∏
t=1
k′t∏
j=1
t6=r and j 6=s
f ′t,j(γrs + γ
−1
rs ),
where f ′t,j(x) is the minimal polynomial of γtj+γ
−1
tj over F . If we define
g(x) =
m∏
t=1
k′t∏
j=1
t6=r and j 6=s
f ′t,j(x), then g(γtj + γ
−1
tj ) = 0 for 1 ≤ t ≤ m, 1 ≤
j ≤ k′t, and t 6= r and j 6= s and g(γrs+ γ
−1
rs ) = yrs, a nonzero element
of F (γrs + γ
−1
rs ). Choose {yrs, yrs(γrs + γ
−1
rs ), · · · , yrs(γrs + γ
−1
rs )
tr−1} as
a basis of F (γrs + γ
−1
rs ) over F , where tr = [F (γrs + γ
−1
rs ) : F ]. Thus,
the element urs can be written as urs = yrs
tr−1∑
q=0
βq(γrs+ γ
−1
rs )
q. Assume
that u′(x) = g(x)u(x), where u(x) = β0 + β1x + · · · + βtr−1x
tr−1, a
polynomial over F . Now u′(γrs + γ
−1
rs ) = urs and u
′(γtj + γ
−1
tj ) = 0 for
1 ≤ t ≤ m, 1 ≤ j ≤ k′t, t 6= r and j 6= s. If u
′(x) = a0+a1x+ · · ·+akx
k,
then Urs can be written as Urs = e0e1 · · · ek, where eh is an element of
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t=1
∏k′t
j=1 SL2(F (γtj+γ
−1
tj )) such that the component eh
(t,j) of eh cor-
responding to the matrix representation Ttj is

 1 0
ah(γtj + γ
−1
tj )
h 1

,
for 0 ≤ h ≤ k and for 1 ≤ t ≤ m, 1 ≤ j ≤ k′t. Now we will prove that
the preimage of eh is in B(FD2pm) under the map T
′′′.
If ah = 0, then it is clear that the preimage of eh is in B(FD2pm). If
ah 6= 0, then choose M from
∏m
t=1
∏k′t
j=1GL2(F (γtj + γ
−1
tj )), such that
the component Mtj corresponding to the matrix representation Ttj is
Mtj =

 1 1
γtj γ
−1
tj

, for 1 ≤ t ≤ m, 1 ≤ j ≤ k′t. Note that
Mtj
−1e
(t,j)
h Mtj =

 1 0
0 1

+ ah(γtj + γ−1tj )h−1

 1 1
1 1

 .
Now (γtj + γ
−1
tj )
h−1 = b0 +
k∑
q=1
bq((γtj)
q + (γ−1tj )
q),
where bi ∈ F2 and k =


h− 1, if h > 0
pm−1
2
, if h = 0
Hence,
Mtj
−1e
(t,j)
h Mtj =

 1 0
0 1

 + (b′0 + k∑
q=1
b′q(γ
q
tj + γ
−q
tj ))

 1 1
1 1

 ,
where b′q = ahbq ∈ F and the component of M
−1ehM corresponding to
the matrix representation Ttj is Mtj
−1e
(t,j)
h Mtj . If
α = 1 + (b′0 +
k∑
q=1
b′q(a
q + a−q))(1 + b),
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then T ′′(α) = eh, because Stj(x) = M
−1
tj Ttj(x)Mtj ∀x ∈ D2pm . Now, if
b′0 = 0, then
α = 1 +
k∑
q=1
b′q(a
q + a−q)(1 + b) =
k∏
q=1
(1 + b′q(a
q + a−q)(1 + b)),
which is a product of the elements of B. Next, if b′0 6= 0, then consider
T ′′(α) = T ′′(1 + b′0(1 + b) +
k∑
q=1
(aq + a−q)(1 + b))
= T ′′(1 + b′0(1 + b))T
′′(
k∏
q=1
(1 + (aq + a−q)(1 + b))).
Further, since D̂2pm ∈ kerT
′, therefore
T ′(1 + b′0(1 + b)) = T
′((1 + b′0(1 + b))(1 + D̂2pm))
= T ′(1 + b′0(1 + b+ D̂2pm))
=
pm−1
2∏
i=1
T ′(1 + b′0(a
i + a−i)(1 + b)),
is an element of T ′′(B(FD2pm)). Then, eh has a preimage in B(FD2pm).
in a similar way, one can prove for other generators as well. Hence
B(FD2pm) ∼=
m∏
r=1
k′r∏
s=1
SL2(F (γrs + γ
−1
rs )).
Theorem 9. The unitary subgroup U∗(FD2pm) of the group algebra
FD2pm is the direct product of the subgroup B(FD2pm) with the group
1+FD̂2pm. Further, U(FD2pm) = U∗(FD2pm)×
m∏
r=1
k′r∏
s=1
〈xrs〉×〈x〉, where
x and xrs are invertible elements in the center of the group algebra
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FD2pm such that the order of x is 2
n − 1 and the order of 2ntr − 1, if
d is odd, otherwise 2n(
or
2
) − 1.
Proof. Let F (γrs + γ
−1
rs )
∗ = 〈ηrs〉 be a cyclic group of order 2
ntr − 1,
where tr = [F (γrs + γ
−1
rs ) : F ]. Then,
GL2(F (γrs+γ
−1
rs )) = SL2(F (γrs+γ
−1
rs ))×
{
 ηjrs 0
0 ηjrs

 |1 ≤ j ≤ 2ntr−1
}
.
Since ηrs ∈ F (γrs+γ
−1
rs ) and {yrs, yrs(γrs+γ
−1
rs ), · · · , yrs(γrs+γ
−1
rs )
tr−1}
is a basis of F (γrs + γ
−1
rs ), it implies that ηr,s = yrshrs(γrs + γ
−1
rs ) =
h′rs(γrs + γ
−1
rs ), where hrs(x) ∈ F [x] and h
′
rs(x) = g(x)hrs(x). Further,
note that h′rs(γtj + γ
−1
tj ) = 0 for t 6= r andj 6= s. If αrs denotes
the constant term of the polynomial h′rs(x) over F , then the image of
h′rs(a+a
−1) under the map T ′ isXrs, where the first component ofXrs is
αrs and the component corresponding to the matrix representation Trs
is

 ηrs 0
0 ηrs

 and all the remaining components are zero matrices.
Define Y (x) =
m∏
t=1
k′t∏
j=1
f ′t,j(x), where f
′
t,j(x) is the minimal polynomial
of γtj + γ
−1
tj over F . Without loss of generality, one can take that the
constant coefficient of Y (x) is 1. Note that Y (γtj + γ
−1
tj ) = 0, 1 ≤
t ≤ m, 1 ≤ j ≤ k′t. Therefore, the image of Y (a + a
−1) under the
map T ′ is the element whose first component is 1 and all the remaining
components are zero matrices. Next, we will find a preimage of Zrs
where Zrs is the element of F
∗ ×
m∏
t=1
k′t∏
j=1
GL2(F (γtj + γ
−1
tj )) such that
its first component is 1, the component corresponding to the matrix
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representation Trs is

 ηrs 0
0 ηrs

 and all the remaining components
are identity matrices. Take
zrs =
m∑
t=1
k′t∑
j=1
t6=r and j 6=s
h′tj(a + a
−1)2
ntr−1.
The image of zrs under the map T
′ is the element whose first compo-
nent is either 0 or 1 and the component corresponding to the matrix
representation Trs is

 0 0
0 0

 and all the remaining components are
identity matrices. If we define z′rs = zrs + h
′
rs, then it is clear that
the image of z′rs is the element whose first component is either αrs or
1+αrs and the component corresponding to the matrix representation
Trs is

 ηrs 0
0 ηrs

 and all the remaining components are identity ma-
trices. Therefore, z′rs + (1 + αrs)Y (a + a
−1) or z′rs + αrsY (a + a
−1) is
a preimage of the element Zrs which lies in the center of FD2pm. If
F ∗ = 〈η〉, then the element z =
m∑
t=1
k′t∑
j=1
h′tj(a+a
−1)2
ntr−1+ηY (a+a−1)
or z =
m∑
t=1
k′t∑
j=1
h′tj(a + a
−1)2
ntr−1 + (1 + η)Y (a + a−1) is a preimage of
the element Z ∈ F ∗×
m∏
t=1
k′t∏
j=1
GL2(F (γtj+γ
−1
tj )), whose first component
is η and all the remaining components are identity matrices. There-
fore, there are elements xrs of order 2
ntr − 1 and an element x of order
2n − 1 in U(FD2pm). Since 〈xrs〉 ∩ 〈xtj | 1 ≤ t ≤ m, 1 ≤ s ≤ k
′
t, t 6=
r and j 6= s〉 = {1}, take W =
m∏
t=1
k′t∏
j=1
〈xtj〉. Note that 〈x〉 ∩W = {1}.
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The order of the group 〈x〉 ×W is odd and is contained in the center
of FD2pm , therefore W ∩ U∗(FD2pm) = {1}. By compairing the order,
we obtain that U(FD2pm) = W × 〈x〉 × (B(FD2pm) × (1 + FD̂2pm))
and therefore, U∗(FD2pm) = B(FD2pm) × (1 + FD̂2pm). The group
1 + FD̂2pm =
n−1∏
i=0
〈1 + αiD̂2pm〉, is an elementary abelian 2-group. 
Corollary 10. The commutator subgroup U ′(FD2pm) = U
′
∗(FD2pm).
Also, U ′(FD2pm) is a normal subgroup of B(FD2pm).
Proof. Since U(FD2pm) =W×〈x〉×U∗(FD2pm) such thatW×〈x〉 is in
the center of FD2pm, it follows that U
′(FD2pm) = U
′
∗(FD2pm). Further,
because U∗(FD2pm) = B(FD2pm)× (1 + FD̂2pm) and (1 + FD̂2pm) lies
in the center of FD2pm, it implies that U
′
∗(FD2pm) ≤ B(FD2pm) ≤
U∗(FD2pm) providing us with the result. 
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